Abstract-In this paper, we consider the effect of time delay and cross diffusion on the dynamics of a predator-prey model with the Allee effect. We mainly investigate the stability of the homogeneous state points and give the conditions of time delay and cross diffusion driven instability in details. Furthermore, we illustrate the spatial patterns via numerical simulations, which show that the model dynamics exhibits a delay and diffusion controlled formation growth not only stripes and holes, but also spots pattern. The results indicate that time delay and cross diffusion play important roles in pattern selection.
INTRODUCTION
It is well known that predator-prey interaction is one of the basic interspecies relations for ecological and social models. The mathematical model of predator-prey type has played an important role in the studies of biological invasion of foreign species, epidemics spreading, and extinction/spread of flame balls in combustion or autocatalytic chemical reaction [1] .
The spatial component of ecological interaction has been identified as an important factor in how ecological communities are shaped. Understanding the role of space is challenging both theoretically and empirically [2] . Empirical evidence suggests that the spatial scale and structure of an environment can influence population interactions [3] .
In [4] , the authors consider spatiotemporal pattern in a self-and cross-diffusive predation model with the Allee effect: 
where ( , , ) d are cross-diffusion coefficients express the respective population fluxes of the preys and predators resulting from the presence of the other species, respectively. That is to say, 12 d in (1) represents the tendency of the prey u to keep away from its predators v , and 21 d represents the tendency of the predator to chase its prey. The cross-diffusion coefficients, 12 d and 21 d , may be positive or negative. Positive cross-diffusion coefficient denotes that one species tends to move in the direction of lower concentration of another species, and negative cross-diffusion expresses the population fluxes of one species in the direction of higher concentration of another species [5] , [6] . On the other hand, time delay plays an important role in many biological dynamical systems, being particularly relevant in ecology, where time delays have been recognized to contribute critically to the outcome for prey densities under predation being stable or unstable [7] . Time delay due to gestation is included in some predator prey models, because generally a duration of  time units elapses between the time when an individual prey is killed and the moment when a corresponding increase in the predator population is realized [8] .
Although much progress has been seen in the study of the reaction-diffusion predator-prey model and the effect of delay feedback on pattern formation in spatially extended systems, research on delay and cross diffusion driven pattern formation in a predator-prey model with the Allee effect seems to be rare. Therefore, in this paper, we will focus on spatiotemporal pattern in a delay and cross-diffusive predation model with the Allee effect. And the model is given by 12 22 21 22
where 0   is a constant delay due to gestation.
We consider the model on a square domain  . And initial conditions are
and the boundary conditions are taken as the take zeroflux boundary conditions:
In the above, L denotes the size of the system in square domain, and n is the outward unit normal vector of the boundary  . The main reason for choosing such boundary conditions is that we are interested in the selforganization of pattern, and zero-flux conditions imply no external input [1] . This paper is organized as follows. In the next section, we derive sufficient conditions for Turing instability. In section 3, we perform a series of numerical simulation to show evolution process of prey u . And in the last section, we give some concluding remarks.
II. BIFURCATION ANALYSIS

A. Approximate Model
Following [9] , [10] , if time delay  is small, one can expand ( , , )
x y t u x y t u x y t t v x y t v x y t v x y t t
Substituting (5) into (2), we obtain 2 2 11 12
Expanding (6) in Taylor series and neglecting the higher-order nonlinearities, then (6) becomes ( , )
where, ( , )
From (7) 
Eq. (8) can be used to analyze the bifurcation of model (2) when  is small.
It is easy to obtain model (8) has three boundary equilibria 1 2 3 (0,0), 
B) Local Stability Analysis
In this subsection, we consider the equilibria and their local stability of the model (8) without diffusion. This information will be crucial in the next subsection where we study the effect of the relative diffusion coefficient on the stability of the steady states. In such a case the model reduces to the ordinary differential equation model
. 
The above use the fact 2 * * ( 1 ) 0
It may be noted here that under ( ) 0 tr J  and det( ) 0 J  , the predator and prey species coexist, and they settle down at its equilibrium level.
It easy to see that 
C. Turing Instability
In this subsection, we will derive conditions for the instability of the steady state * E by using Turing's technique [10] . Set, * u u u
uv , substituting them into model (8) and omitting the prime for notational simplicity, we have the linearization of model (8) 
The characteristic equation at the steady state * E of min det( )
at the critical value 
Summarizing the above calculation, we conclude Suppose that * E is a constant equilibrium solution of model (2), and the matrices ,, J D D are defined as above.
Suppose that 11
Then * E is an unstable equilibrium solution with respect to reaction-diffusion model (2), but a stable equilibrium solution with respect to model (10) .
III. PATTERN
In this section, we perform extensive numerical simulations of the spatially extended model (2) 
Initially, the entire system is placed in the steady state ( *, *) uv , and the propagation velocity of the initial perturbation is thus on the order of 4 5 10   space units per time unit. And the system is then integrated for 1000 000 time steps and the last images are saved. After the initial period during which the perturbation spreads, either the system goes into a time-dependent state, or to an essentially steady state (time independent). In the numerical simulations, different types of dynamics are observed and it is found that the distributions of predator and prey are always of the same type. Consequently, we can restrict our analysis of pattern formation to one distribution. In the following, we show the distribution of prey u . From Fig. 2a , we can see that a target wave pattern emerges after perturbation of the stationary solutions * u and * v of model (2) . Some iterations later, it breaks towards the core, and a spot pattern (interior) with target wave pattern occurs(see Fig. 2b ). Then one can see that holes appears (see Fig. 2c ), it grows slightly and the holes increase with time (see Fig. 2d ). In Fig. 2f , the blue ring break. And last, we can observe that after the decay of target patterns, the holes pattern prevails over the whole domain finally.
IV. CONCLUSIONS
In this paper, we have investigated the spatiotemporal dynamics of a delay and cross-diffusion predator-prey model that involves Allee effect on prey analytically and numerically.
In contrast to [4] , the value of this study is twofold. First, it analyzes the effects of delay and cross diffusion on the instability. Second, it illustrates spatial patterns close to the onset of instability bifurcation via numerical simulations, indicating that the model (2) dynamics exhibits a delay and diffusion controlled formation growth not only of stripes and holes, but also of spots patterns.
In this paper, it also show that the increasing speed of diffusion 12 d will increase the density of the prey. Similar, increasing speed of diffusion 21 d will decrease density of the predator. However, decreasing value of  will increase the density of the prey.
We hope that the results presented here will be useful for studying the spatiotemporal complexity of ecosystems and physical systems with time delay.
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